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In a recent publication [Phys. Rev. B 89, 155403 (2014)], the authors investigated the spectrum
of a Coulomb impurity in graphene in the presence of magnetic and electric fields using the coupled
series expansion approach. In the first part of their publication they investigated how Coulomb
impurity states collapse in the presence of a perpendicular magnetic field. We argue that the
obtained spectrum does not give information about the atomic collapse and that their interpretation
of the spectrum regarding atomic collapse is not correct. We also argue that the obtained results
are only valid up to the dimensionless charge | α |= 0.5 and in order to obtain correct results for
α > 0.5 a proper regularisation of the Coulomb interaction is required. Here we present the correct
numerical results for the spectrum for arbitrary values of α.
PACS numbers: 73.22.Pr, 73.20.Hb
In Ref. [1] Sun and Zhu investigated the spectrum of
a Coulomb impurity in the presence of a perpendicular
magnetic field as function of the strength of the Coulomb
potential α. They use a point size Coulomb potential and
investigate both an attractive and repulsive Coulomb po-
tential. For | α |>| j | (j is the total angular quantum
number) they found that the Landau Levels (LLs) sud-
denly disappear and bound states cannot exist (Fig. 2 in
Ref. [1]). They argued that the disappearance of these
states is the signature of atomic collapse in the presence
of a magnetic field. A symmetric spectrum was found be-
tween an attractive and repulsive potential, namely the
spectrum is invariant under the transformations α→ −α
and E → −E.
However we argue that their results are only valid for
| α |< 0.5. In this region one is able to obtain solutions
for all angular quantum numbers. When the strength of
the impurity exceeds | α |= 0.5, no bound states for the
angular quantum numbers l = 0,−1 are found as can be
seen in Fig. 2 of Ref. [1] (for higher charges LLs with
higher angular quantum number also start to disapear).
The fact that these LLs disapear is actually not a sig-
nature of atomic collapse. This can be traced back to
the singular nature of the point size Coulomb potential,
causing a breakdown of the model for | α |> 0.5. In order
to obtain physical solutions and to investigate the atomic
collapse phenomena one needs to regularise the Coulomb
potential in order to remove this singularity. This can be
done by using a physically more realistic potential, for
example by taking into account the finite size of the im-
purity or the fact that in some experiments the impurity
is placed at a certain distance from the graphene sheet
[2]. The fact that the results for a point size impurity are
only valid when | α |< 0.5 has been previously stated by
D.S. Novikov [3]. He investigated the scattering of elec-
trons in the presence of a point size Coulomb impurity
and also noted that the solutions are only valid and con-
sistent when | α |< 0.5. This point is also supported by
Ref. [4] in which the authors note that the Hamiltonian
is not self-adjoint for | α |> 0.5 without regularisation.
In order to obtain the full spectrum for impurity
charges beyond 0.5 we solve the Dirac equation, see Eq.
(2) in Ref. [1], with the regularised Coulomb potential
[5,6]:
V (r) =
α√
r2 + d2
. (1)
This regularised potential corresponds to the physical sit-
uation where an impurity is placed at a distance d from
the graphene sheet. We calculated the spectrum numer-
ically using the finite elements method.
In Fig. 1 we plot the spectrum as function of the charge
strength α for the same quantum numbers as done in
Ref. [1] and we used the same color coding for clarity as
in Ref. [1]. We only plot the spectrum of the attractive
potential since there is symmetry between the spectrum
of an attractive and repulsive potential. The LLs with
the same total angular quantum number | j | are plotted
in the same panel as labelled. The l quantum number is
related to the j quantum number as follows: j = l+ 1/2.
The states with l = 0,−1 in Fig. 1(a) exhibit similar
behaviour in the region | α |< 0.5, however, we find
many more states for both quantum numbers than in
Ref. [1]. It seems that the states corresponding to
higher LLs are not displayed in Fig. 2 of Ref. [1].
As expected due to the regularisation we are able to
find solutions for the levels l = 0,−1 when | α |> 0.5.
We see that once | α | exceeds 0.5 the lowest electron
LLs for both l = 0 and l = −1 dive sharply towards
the negative hole region, and at the same time their
probability density shows a sharp peak very close to
the impurity. This can be clearly seen in Fig. 2 where
the probability density is plotted for the solid circles
indicated in Fig. 1(a). The lowest electron LL moves
through the band of negative LLs exhibiting a series of
anticrossings. The signature of atomic collapse is thus
not seen in the disappearance of the levels. However,
anticrossings are formed in the negative hole region, the
lowest electron LL dives sharply into the negative hole
region, and the probability density starts to show a very
sharp peak near the impurity which are clear signatures
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FIG. 1. Landau levels as function of the impurity strength for an attractive potential in the presence of a magnetic field B = 10
T, which corresponds to a magnetic length of lB = 8.1 nm. l and j = l + 1/2, respectively, indicate the angular momentum
and total angular momentum quantum numbers. In each panel the levels with the same total angular momentum | j | are
displayed. We assumed the charge was placed at a distance d = 0.4 nm from the graphene sheet.
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FIG. 2. Probability densities for the states indicated in Fig.
1(a) by a solid circle.
of atomic collapse. One can define the critical charge in
the presence of a magnetic field as the charge for which
the first electron LL anticrosses with the first hole LL,
which gives | α |≈ 1.4 [5]. In Figs. 1(b, c) we show the
LLs for the total angular quantum number j = 1/2 and
j = 3/2, respectively. We find similar results for charges
up to | α |=| j |. Due to the regularisation we were
able to find solutions for | α |>| j |. It can be clearly
seen in Fig. 1(b) how the lowest electron states for both
quantum numbers dive into the negative hole region.
Thus collapse does not appear as the disappearance of
these levels. Our conclusions are supported by a recent
numerical study using the tight binding Hamiltonian [7].
In this comment we have studied an attractive
Coulomb potential in the presence of a perpendicular
magnetic field. We argued that the results obtained by
Sun and Zhu in Ref. [1] for the case of a point size
Coulomb potential are only valid for | α |< 0.5, where
solutions can be obtained for all the angular quantum
numbers. In order to obtain all the LLs for | α |> 0.5 a
regularisation of the Coulomb potential is required. We
performed this regularisation and successfully obtained
the LLs when | α |>| j |. We showed that the atomic
collapse does not manifest itself through the disappear-
ance of energy states, as claimed by Sun and Zhu, but
rather in: 1) a sudden decrease of the lowest electron
LL in the hole region, 2) sharp peak of the probability
distribution very close to the impurity, and 3) a series
of anticrossings in the negative hole region. We also
showed that not all LLs were shown, in the paper by
Sun and Zhu.
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